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ABSTRACT
We consider the quantum Friedmann equations which include one-loop vacuum fluctuations
due to gravitons and scalar field matter in a FLRW background with constant ǫ = −H˙/H2.
After several field redefinitions, to remove the mixing between the gravitational and matter
degrees of freedom, we can construct the one loop correction to the Friedmann equations.
Due to cosmological particle creation, the propagators needed in such a calculation are
typically infrared divergent. In this paper we construct the graviton and matter propagators,
making use of the recent construction of the infrared finite scalar propagators calculated on
a compact spatial manifold in [1]. The resulting correction to the Friedman equations is
suppressed with respect to the tree level contribution by a factor of H2/m2p and shows no
secular growth.
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1 Introduction
Since the classic work of ’t Hooft and Veltman on quantum gravity on flat space-time [2],
many authors have studied the quantum behavior of gravitons. In particular, because of
the potential relevance for inflationary cosmology, the quantum behavior of gravitons on a
(locally) de Sitter background has been a widely studied subject over the past years [3, 4, 5,
6, 7, 8, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29]. Of course
de Sitter space is interesting for its relevance for inflationary cosmology. Therefore there are
several works that study the potential influence of quantum behavior on inflationary observ-
ables [30, 31, 32, 33]. Another line of research deals with the back-reaction of gravitational
waves on the background space-time [16, 17, 19, 20]. However of more interest for the present
work is the one loop back-reaction by virtual gravitons on a de Sitter background, which
has been calculated by several authors, using different techniques [13, 28, 29]. Since it is not
clear whether in these works exactly the same quantity is calculated and the renormalization
schemes differ, the numerical coefficients differ. However the main result is the same: one
loop graviton contributions to the expectation value of the energy momentum tensor result
in a finite, time independent shift of the effective cosmological constant. Since the contri-
bution can always be absorbed in a counterterm [28], the exact numerical coefficient coming
from such a calculation has no physical meaning.
The goal of this paper is to go beyond the works mentioned above and calculate the one
loop effective action induced by gravitons in a more general background space-time using
dimensional regularization. The geometry we consider is a Friedmann-Lemaˆıtre-Roberston-
Walker (FLRW) geometry with Hubble parameter H = a˙
a
and the additional constraint
that
ǫ ≡ − H˙
H2
(1)
is a constant. If the universe contains only one type of matter, e.g. dust, radiation or a
cosmological constant, this constraint is satisfied. In particular in matter era we have that
ǫ = 3/2, in radiation era ǫ = 2 and de Sitter space corresponds to the limit ǫ → 0. One
immediate problem with working in such a space-time, instead of de Sitter, is that for con-
sistency of the Einstein equations the addition of matter fields is unavoidable. Whereas in
de Sitter space, the only relevant metric fluctuations are the tensor modes (gravitational
waves), in a more general setting one has to take the mixing of gravitational and matter
degrees of freedom into account [34, 35, 23, 24, 25, 26].
Naively one might think that any back-reaction will be insignificant, since it will in a
cosmological setting typically be suppressed byH2/m2p, withmp the Planck mass. The reason
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that this is not necessarily the case has to do with a second complication. This complication
is that gravitons on a cosmological background space-time behave, apart from the tensorial
structure, somewhat similar to massless scalars, with a certain amount of coupling to the
Ricci scalar. Such a scalar field however is long known to posses problems in the infrared [36,
37], for a wide class of cosmological backgrounds. What happens is that due to cosmological
particle production correlations of the Bunch-Davies vacuum grow too fast, causing the
propagator to diverge in the infrared. Such a divergence should of course be regulated and
in a recent work [1] the massless scalar propagator on any constant ǫ cosmological space-time
was constructed, by assuming that the universe is described by a spatially compact manifold.
Effectively this simply implies that any momentum integral has an infrared cut-off at some
scale k0. In this work, we shall use the propagators constructed in [1] to obtain an infrared
finite answer.
While the answers obtained in this way are infrared finite, particle production is of course
a physical phenomenon. Long range correlations will therefore still be enhanced as time
goes on. Therefore initially small quantum fluctuations, might – at least in principle – grow
significantly in time. The contribution of these fluctuations to the stress energy tensor might
therefore also grow in time, leading to a potentially significant back-reaction via the Einstein
equations on the background space-time.
It is precisely this effect, that has led to several papers concerning quantum contribu-
tions to the stress energy tensor in the case of de Sitter space-time [6, 10, 8, 23, 24, 25, 38].
In these works it is found that at two loop order, the backreaction due to gravitons might
become significantly, while for scalars this might happen at three loop order. Such behavior,
if indeed physically viable, has profound implications for the cosmological constant problem
(see e.g. Ref. [39] for a review). In this paper we will not consider these higher loop effects,
but we shall perform a one loop calculation, but in a more general space-time.
In section 2 we briefly review our background geometry. In section 3 we briefly summarize
the construction of the propagator as given in [1]. In section 4 we apply these results to
calculate the relevant kinetic operators and propagators in a model with both matter and
gravitational degrees of freedom. In section 4.2 we calculate the one-loop effective action
contribution to the quantum corrected Friedmann equations and renormalize the theory. We
discuss our results in section 4.3 and we conclude in section 5.
2
2 Geometry
The background space-time we consider is is the Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) geometry in conformal coordinates
gµν = a
2ηµν ; ηµν = diag(−1, 1, 1, 1), (2)
with the additional constraint,
ǫ ≡ − H˙
H2
= constant ; H ≡ a˙
a
. (3)
Here a dot indicates a derivative with respect to cosmological time t, related to the conformal
time η by dt = adη. The FLRW geometry obeys the Friedmann equations
3H2
κ
− 1
2
ρM = 0 ; −2H˙
κ
− 1
2
(ρM + pM) = 0 , κ = 16πGN , (4)
with GN being the Newton constant, ρM and pM are the energy density and pressure due to
matter. If one writes
pM = wMρM , (5)
one immediately finds that (3) implies that wM is constant. One can solve (4) for a to find
a(η) =
(
(ǫ− 1)H0η
)−1/(1−ǫ)
; ǫ =
3
2
(1 + wM)
H = H0
(
(ǫ− 1)H0η
)ǫ/(1−ǫ)
= H0a
−ǫ ; aη = − 1
1− ǫ
1
H
. (6)
Notice that if ǫ < 1, η is negative and the expansion of the universe is accelerating. If ǫ > 1,
η is positive and the expansion is decelerating. H0 is chosen such that the ǫ → 0 limit of
H corresponds to the one given in [22]. Given two points x and x˜, the following distance
function will prove to be useful
y(x; x˜) =
∆x2(x; x˜)
ηη˜
=
1
ηη˜
(−(|η − η˜| − ıε)2 + ||~x− ~˜x||2) . (7)
Here the infinitesimal ε > 0 refers to the Feynman (time-ordered) pole prescription. In the
following we shall omit the explicit argument of y(x; x˜), since this will be clear from the
context. In de Sitter space y is related to the geodesic distance l as y = 4 sin2(1
2
Hl). If
y < 0, points x˜ are timelike related to x, and if y > 0, they are spacelike related. We
define the antipodal point x¯ of x by the map η → −η [40]. Notice that, since as long as ǫ is
3
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Figure 1: The causal structure in the conformal coordinates (2). The plot assumes ǫ < 1, so
the coordinates cover only the region η < 0. The wavy line at η = 0 indicates future infinity.
The lightcone of the point x is given by y = 0. If y = 4, the point x˜ lies on the light cone of
an unobservable image charge at the antipodal point x¯.
4
constant, η is either positive or negative, this point is not covered by our coordinate patch.
If y = 4, x˜ lies on the lightcone of an (unobservable) image charge at the antipodal point x¯,
see figure 1.
The Levi-Civita` connection is,
Γαµν =
a′
a
[
δαµδ
0
ν + δ
α
νδ
0
µ + δ
α
0ηµν
]
, (8)
while the curvature tensors are given by
Rαµβν =
(a′′
a
− 2
(a′
a
)2)(
δαν δ
0
µδ
0
β − δα0 δ0νηµβ − δαβ δ0νδ0µ + δ0βδα0 ηµν
)
−
(a′
a
)2(
δαν ηµβ − δαβηµν
)
Rµν =
(a′′
a
− 2
(a′
a
)2)(
ηµν − (D − 2)δ0µδ0ν
)
+
(a′
a
)2
(D − 1)ηµν
R =
(a′′
a3
− 2
( a′
a2
)2)
2(D − 1) +
( a′
a2
)2
D(D − 1) ,
(9)
where a′ = da/dη and D denotes the number of space-time dimensions.
3 Scalar Propagator
Since it will turn out that the graviton propagator can be expressed in terms of massless
scalar propagators with different amount of conformal coupling, we need to find a solution
for the following scalar Klein-Gordon equation
√−g (− ξR) ı∆(x; x˜) = ıδD(x− x˜) , (10)
where ξ is a dimensionless scalar field coupling to the Ricci curvature scalar, and  denotes
the d’Alembertian, which reads when acting on a scalar
√−gφ = ∂µ
√−ggµν∂νφ. (11)
If ǫ is constant we can rewrite this equation as follows[
ηµν∂µ∂ν +
1
η2
(
ν2 − 1
4
)][
(aa˜)
D
2
−1ı∆(x; x˜)
]
= ıδD(x− x˜), (12)
where a˜ = a(x˜) and
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ν2 =
(D − 1
2
)2
− (1− ǫ)−2
(
(D − 1)(D − 2ǫ)ξ − 1
2
(D − 1)(D − 2)ǫ+ D
4
(D − 2)ǫ2
)
. (13)
The properties of such a scalar field propagator on a de Sitter background (ǫ = 0 in our
notation) have been studied in the past [40, 41, 42].
This propagator in a general constant ǫ space is given in [1], by integrating over the mode
functions and we simply quote the result here. The massless scalar propagator is infrared
divergent if the index ν (which is defined in (13) is less then (D − 1)/2. Therefore we work
on a compact spatial manifold, with comoving radius k−10 . In this case, the integral over the
mode functions becomes a discrete sum. However, if k0 is small enough, it is generally valid
to approximate this sum by an integral, with an infrared cutoff. This approach has passed
sever consistency checks on de Sitter space[6, 43, 44]. In the final propagator we can then
recognize two different types of contributions: one coming from the ’infinite volume’ integral
(thus the integral, without an infrared cut-off), and one from the subtraction of the lower
range of the integral.
i∆(x; x˜) = i∆∞(x; x˜) +
∞∑
N=0
δi∆N (x; x˜) +
∞∑
N=0
δi∆N (x; x˜) . (14)
Here the infinite volume propagator is
i∆∞(x; x˜) =
[
(1−ǫ)2HH˜
]D
2
−1
(4π)
D
2
Γ(D−1
2
+ν)Γ(D−1
2
−ν)
Γ(D
2
)
2F1
(
D−1
2
+ν,
D−1
2
−ν; D
2
; 1− y
4
)
(15)
and the correction terms due to the infrared divergence are
δi∆N(x; x˜) = −
(
HH˜(1− ǫ)2
)D
2
−1
(4π)
D
2
2z
2N+(D−1)−2ν
0
2N + (D − 1)− 2ν
× Γ(2ν)Γ(ν)
Γ(1
2
+ ν)Γ(D−1
2
)
N∑
k=0
N−k∑
ℓ=0
akℓ
(r
η˜
)2k(η
η˜
)2ℓ−N
δi∆N(x; x˜) = δi∆N (x; x˜)|ν↔−ν ,
(16)
where z0 = k0|η| and
akℓ =
(
−1
4
)N 1
k! ℓ! (N−k−ℓ)!
Γ(D−1
2
) Γ2(1−ν)
Γ(k+D−1
2
)Γ(ℓ+1−ν)Γ(N−k−ℓ+1−ν) . (17)
6
Notice that in an accelerating space-time (ǫ < 1) η approaches zero at late times, while in
a decelerating space-time (ǫ > 1), η approaches infinity. This is an interesting observation,
since it implies that in an accelerating universe, i∆N contains terms that grow in time
if ν < D−1
2
. In a decelerating universe both i∆N and i∆
N can contain growing terms.
It is precisely these growing terms that can lead to a secular growth of quantum effects,
described in the introduction. There are also other regularizations possible for the infrared.
For example in [45] the infrared is regulated by matching an infrared finite space-time to
the space-time under consideration. This ensures that no infrared divergences can occur.
Results calculated using this regularization are similar in accelerating space-times, but show
differences in a decelerating space-time.
4 The gravitational and matter propagators
For our model we shall consider the action of gravity plus a scalar field φˆ = φˆ(x) with an
arbitrary potential V (φˆ)
S =
∫ √
−gˆ
(Rˆ− (D − 2)Λ
κ
− 1
2
(∂φˆ)2 − V (φˆ)
)
, (18)
where κ = 16πGN = 16π/m
2
P denotes the (rescaled) Newton constant, mP ≃ 1.2×1019 GeV
is the Planck mass, Λ denotes the cosmological constant, D is the number of space-time
dimensions and (∂φˆ)2 = gˆµν(∂µφˆ)(∂νφˆ). By an appropriate choice of the potential V , such a
model can mimic any mixture of fluids which are relevant for the evolution of the univese.
We consider a conformally flat FLRW background and split the fields in a background
contribution and a quantum contribution [7][26]
gˆµν = gµν(η) + δgµν = a
2(ηµν +
√
κψµν)
gˆµν = gµν(η) + δgµν = a−2(ηµν −√κa4ψµν) +O(ψ2)
φˆ = Φ(η) + φ ,
(19)
where δgµν ≡ hµν denotes the graviton field, ψµν is the pseudo-graviton field and δgµν =
−hµν + hµαhαν +O(h3). Notice that indices on the pseudo-graviton field ψµν are raised and
lowered with the full background metric gµν(η) = a
2ηµν . The background scalar field Φ is
homogeneous and thus only depends on (conformal) time. The background fields obey the
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tree level Friedmann equations and the scalar field equation of motion:
H2 − 1
D − 1Λ−
κ
(D − 1)(D − 2)
( 1
2a2
Φ′2 + V (Φ)
)
= 0
a−1H ′ +
D − 1
2
H2 − 1
2
Λ +
κ
2(D − 2)
( 1
2a2
Φ′2 − V (Φ)
)
= 0
Φ′′ + (D − 2)aHΦ′ + a2∂V
∂φ
(Φ) = 0 ,
(20)
from which one can derive the following identities
√
κΦ′ =
√
2(D − 2)ǫaH ; √κΦ′′ =
√
2(D − 2)ǫ(1− ǫ)a2H2 +O(ǫ′)
√
κ
∂V
∂φ
(Φ) = −
√
2(D − 2)ǫ(D − 1− ǫ)H2 ; ∂
2V
∂φ2
(Φ) = 2(D − 1− ǫ)ǫH2 +O(ǫ′).
(21)
Notice that in slow roll inflation ǫ′ is non zero. In order to facilitate a comparison, we give
here the slow roll expressions for the second and fourth relation (the first and third do not
change)
√
κΦ′′ =
√
2ǫV
D − 2a
2H2
(
D + (D − 4)ǫV − (D − 1)(D − 2)
2
ηV
)
∂2V
∂φ2
(Φ) =
(D − 1)(D − 2)
2
ηVH
2,
(22)
in terms of the slow roll parameters
ǫV ≡ 1
κ
( ∂V
V ∂φ
)2
; ηV ≡ 2
κ
∂2V
V ∂φ2
. (23)
Notice that in the slow roll approximation ǫ and ǫV are identical.
For the purpose of this paper we are only interested in the quadratic perturbations in
the fields. After many partial integrations we find 1
L(2) =aD+4ψµν
((
s −W
)(1
4
δρµδ
σ
ν −
1
8
ηµνη
ρσ
)
+ X δ0µδρνδσ0 − Yηµ0δ0νηρσ
)
ψρσ
− aD−2ψ00
(√
κΦ′′
)
φ+ aD−2
√
κηµνψµνZφ
+
1
2
aDφ
(
s − ∂
2V
∂φ2
(Φ) + a−2Φ′2κ
)
φ+
1
2
√−ggαβFαFβ ,
(24)
1An analogous result can be found in Ref. [26]. The main difference is that our result (24) includes also
terms that vanish on-shell.
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where we defined
Fα = a
2∇µ
(
ψµα −
1
2
δµαg
ρσψρσ
)
− φΦ′√κδ0α
W = 2(D − 2)
[
a−1H ′ +
D − 1
2
H2 − 1
2
Λ +
κ
2(D − 2)
( 1
2a2
Φ′2 − V (Φ)
)]
X =
(1
2
κa−2Φ′2 − D − 2
2
(H2 − a−1H ′)
)
Y =
(1
4
κa−2Φ′2 +
D − 2
2
a−1H ′
)
Z = −1
2
(
Φ′′ + (D − 2)aHΦ′ + ∂V
∂φ
(Φ)a2
)
(25)
and
s =
1√−g∂µ
√−ggµν∂ν (26)
is the d’Alembertian as it acts on a scalar field. We add a gauge fixing term
LGF = −1
2
√−ggαβFαFβ (27)
and therefore we also need to add a ghost lagrangian
Lghost = −
√−ga−2V¯ µδFµ , (28)
where we consider the change of Fµ under infinitesimal coordinate transformations x
′µ =
xµ +
√
κV µ. From φ(xµ) = φ(x′µ) + δφ and ψµν(xµ) = ψµν(x′
µ) + δψµν , we find up to first
order in V µ:
δφ = −√κV 0Φ′
δψµν = −a−2
(
gαν∂µV
α + gαµ∂νV
α + 2
(a′
a
)
gµνV
0
) (29)
and thus
Lghost = aDηαβV¯ α
(
δβµs − (D − 2)(H2 − a−1H ′)δβ0 δ0µ + a−2κΦ′2δβ0 δ0µ
)
V µ , (30)
where V and V¯ are the ghost and anti-ghost fields.
9
The quadratic lagrangian (24–25) contains mixing between the different components.
The following field redefinition removes the mixing between ψij and ψ00 and φ on-shell
2.
ψij = zij +
δij
D − 3z00
ψ00 = z00
ψ0i = z0i .
(31)
The resulting quadratic lagrangian (which is still valid off shell) can be written as
L(2) + LGF + Lghost = 1
2
XTijG
ijklXkl +
1
2
z0iDijvectorzoj + V¯ αDghostαβ V β , (32)
where
Xij =

 zijz00
φ


Gijkl =

 Dijkltensor aDYδij aD−2
√
κZδij
aDYδkl Dscalar aD−2
√
κ( 2
D−3Z − Φ′′)
aD−2
√
κZδkl aD−2√κ( 2
D−3Z − Φ′′) Dφ


Dijkltensor = aD
(
s −W
)(1
2
δikδjl − 1
4
δijδkl
)
Dijvector = −aD
((
s −W
)
+ 2X
)
ηij
Dscalar = aD
(
D − 2
2(D − 3)
(
s −W
)
+ 2X + 4
D − 3Y
)
Dφ = aD
(
s − ∂
2V
∂φ2
(Φ) + a−2Φ′2κ
)
Dghostαβ = aD
(
ηαβs + 2X δ0αηβ0
)
.
(33)
Note that Gijkl contains the tensor as well as the two scalar (gravitational and matter) kinetic
operators.
2In the special case when D = 4, this and Eq. (40) below agree with Ref. [26].
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4.1 The propagators
We shall now construct the propagators, associated to the various modes in (32). In gen-
eral this will not be possible, due to the nontrivial dependence of the propagators on the
background fields and the mixing between the different modes. Therefore we shall restrict
ourselves in calculating the on-shell propagators. As will be clear from the discussion in
section 4.2 this will be sufficient to calculate the one loop effective action. It will turn out
that kinetic operators can be written in terms of
Dn ≡
√−g
[
s − n
(
D − n− 1 + n(n− 1)
2
ǫ
)
(1− ǫ)H2
]
(n = 0, 1, 2) , (34)
with an associated propagator
Dni∆n(x; x˜) = iδD(x− x˜) (n = 0, 1, 2) . (35)
The operator (34) is however nothing but the kinetic operator for the massless scalar field,
with conformal coupling
ξ =
n(D − n− 1 + n(n−1)
2
ǫ)
(D − 1)(D − 2ǫ) (1− ǫ) (36)
such that we can use the propagators calculated in the previous sections with the parameter
ν, given in (13) replaced by
ν2n =
(D − 1− ǫ
2(1− ǫ)
)2
−
n
(
D − n− 1 + n(n−1)
2
ǫ
)
1− ǫ . (37)
We find for the kinetic operators for the vector and the ghost on-shell
Dijvector |on shell = −D1δij
Dghostµν |on shell =
(
η¯µνD0 + δ0µην0D1
) (38)
and their associated propagators:
ij∆
k
vector = −δkj i∆1
iα∆
ρ
ghost =
(
δ¯ραi∆0 + δ
0
αδ
ρ
0i∆1
)
.
(39)
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There is still mixing between z00 and φ. The on-shell part of the mixing can be removed by
the following rotation
X = RY
Yij =

 zijχ
ν


R =

 1 0 00 √λ cos(θ) −√λ sin(θ)
0 1√
λ
sin(θ) 1√
λ
cos(θ)


λ =
√
2(D − 3)
D − 2
tan(2θ) =
2
√
(D − 3)ǫ
D − 3− ǫ , θ = arccos
(
−
√
ǫ
D − 3 + ǫ
)
.
(40)
This rotation reduces the on-shell part of the term 1
2
XTGX to
1
2
Y Tij G
ijkl
diagYkl |on shell =
1
2
Y Tij


(
1
2
δkiδlj − 1
4
δijδkl
)
D0 0 0
0 1
λ
D0 0
0 0 1
λ
D2

Ykl . (41)
Thus the associated propagator matrix Mdiag, defined by
GdiagMdiag(x; x˜) |on shell = 1δD(x− x˜) (42)
is given by
Mdiag |on shell =

 rs∆kl 0 00 λ∆0 0
0 0 λ∆2


irs∆kl =
(
2δr(kδl)s − 2
D − 3δrsδkl
)
i∆0 .
(43)
To avoid confusion with the subscript diag, we have omitted the explicit Lorentz indices in
Mdiag and Gdiag. It now follows that the non-diagonal propagator matrix rsMkl that inverts
Gijkl on-shell is
rsMkl |on shell = RMdiagRT |on shell
=

 rs∆kl 0 00 λ2(cos2(θ)∆0 + sin2(θ)∆2) λ cos(θ) sin(θ)(∆0 −∆2)
0 λ cos(θ) sin(θ)(∆0 −∆2) (sin2(θ)∆0 + cos2(θ)∆2)

 . (44)
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This finishes the construction of all the propagators and we indeed find that all modes can
be described in terms of ∆n.
4.2 One-loop effective action
In this section we shall first sketch using a simple example how to calculate the correction
to the Friedmann equation due to the one-loop effective action. Afterwards we shall apply
it to the case at hand. We consider as an example a model with an action
S = S0 + Sχ, (45)
where χ is a quantum scalar field with an action Sχ = Sχ[χ] and S0 is the classical action
of any background fields (including for example the Einstein-Hilbert action). For any action
Sχ that is quadratic in χ,
Sχ =
∫
dDx
1
2
χDχχ, (46)
one gets the following effective action
Γ = S0 − i ln
( 1√
Det(Dχ)
)
= S0 +
i
2
Tr ln
(Dχ). (47)
Here the trace involves tracing over the Lorentz indices and space-time integration of the
operator at coincidence [46] and Dχ is the kinetic operator of the field.
While in principle one could – at least formally – evaluate the effective action, the object
one is eventually interested in is the effective Friedmann equation, i.e. the equations of
motion associated with the background metric. Moreover in the present case we need to
work under the constraint that ǫ is constant. As long as ǫ˙ remains small, there is no problem
with imposing such a constraint on the equations of motion. On the other hand, imposing this
constraint on the level of the action typically changes the dynamics substantially. Therefore
we shall not attempt to explicitly construct the effective action, but instead we shall directly
calculate the effective Friedmann equation. By taking the functional derivative of the action
with respect to the scale factor a = a(η), we obtain the Einstein trace equation, that is the
−(00) + (D − 1)(ii) component of the Einstein equation. The second Friedmann equation
can then always be obtained by imposing the Bianchi identity. Thus we are interested in
13
calculating
δΓ
δa
=
δS0
δa
+
i
2
δ
δa
Tr ln
(Dχ)
= V aD−1
[
D(D−1)(D−2)
κ
(
H2 − 1
D−1Λ +
2
D
a−1H ′
)
+ (D−1)pM − ρM
]
+
i
2
δ
δa
Tr ln
(Dχ) ,
(48)
where V =
∫
dD−1x denotes the volume of space and we assumed that S0 contains the
Einstein-Hilbert action, and matter fields with an associated total pressure and energy pM
and ρM . Notice that the quantum contribution
i
2
δ
δa
Tr ln
(Dχ) is by definition nothing but
V aD−1gµν〈Tµν〉, where 〈Tµν〉 is the one loop expectation value of the stress-energy tensor [46].
We now consider the calculation of this contribution. To be explicit, we shall assume that χ
is a massless minimally coupled scalar and therefore
Dχ =
√−g (49)
with an associated propagator i∆(x; x˜) which obeys
Dχi∆(x; x˜) = iδD(x− x˜) . (50)
Instead of considering the χ field, it is convenient to use a rescaled field
χˆ = a
D
2
−1χ (51)
with an associated kinetic operator and propagator
Dˆχ = ∂2 + (D − 2)(D − 4)
4
a′2
a2
+
D − 2
2
a′′
a
i∆ˆ(x; x˜) = a
D
2
−1aˆ
D
2
−1i∆(x; x˜).
(52)
We shall see explicitly later that – up to a D dimensional divergent delta function that does
not contribute in dimensional regularization – we have that
δ
δa
Tr ln
(Dχ) = δ
δa
Tr ln
(Dˆχ) . (53)
We shall now show how to calculate the trace logarithm contribution to (48) due to the field
χˆ. To be precise we give the exact coordinate dependence of each term indicated by xµ, yµ,
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and zµ
i
2
δ
δa(z0)
Tr ln
(Dˆχ(x)) = i
2
Tr
(
∆ˆ(x; y)
( δ
δa(z0)
Dˆχ(x)
))
=
i
2
∫
dDx
∫
dDy∆ˆ(x; y)δD(x− y)[(
− (D − 2)(D − 4)
2
a′(x0)2
a(x0)3
− D − 2
2
a′′(x0)
a(x0)2
)
δ(x0 − z0)
+
(D − 2)(D − 4)
2
a′(x0)
a(x0)2
∂x0δ(x
0 − z0) + D − 2
2a(x0)
∂2x0δ(x
0 − z0)
]
=
1
2
V
[(
− (D−2)(D−4)
2
a′(z0)2
a(z0)3
− D−2
2
a′′(z0)
a(z0)2
)
i∆ˆ(z0; z0)
− (D−2)(D−4)
2
∂z0
( a′(z0)
a(z0)2
i∆ˆ(z0; z0)
)
+
D−2
2
∂2z0
( 1
a(z0)
i∆ˆ(z0; z0)
)]
= −D − 2
4
V aD−1zi∆(z; z) ,
(54)
where in going from the second to the third step we used the delta functions to change ∂x0
to −∂z0 and we used that the propagators at coincidence are a function of time only. In the
last step we used (52) to rewrite i∆ˆ in terms of i∆.
Since the trace of the one loop expectation value of the stress energy tensor for a scalar
field is given by [46]
〈0|T µµ|0〉 =
(2−D
4
+ (D − 1)ξ
)
i∆(x; x), (55)
we see that indeed we have that
i
2
δ
δa
Tr ln
(Dˆχ) = V aD−1gµν〈Tµν〉 . (56)
Comparing this with Eq. (48) we see that this is exactly what one expects, justifying thus
our procedure. The above example shows that indeed one can use the functional derivatives
with respect to a to evaluate the quantity that interests us. It also shows that the rescaling
(51) does not influence the final result in the context of dimensional regularization. Notice
that (48) is just an equation of motion. Therefore, after the variation is performed, in
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the second line of (54), we can safely evaluate all the quantities appearing on-shell. Hence
we only need the propagators i∆(y; z) on-shell. This justifies our on-shell diagonalization
procedure, based on which we constructed the propagators.
Now we apply this technique to the case at hand. The only difference is that there are more
quantum fields. This however does not change the procedure. Up to an irrelevant constant,
the effective action can be obtained from
exp[iΓ] =
∫ (Dhµν)(Dφ)(DUα)(DU¯α) exp (i(S(0) + S(2))) , (57)
where U and U¯ denote the unrescaled ghost fields associated with the graviton field hµν .
When written in terms of the rescaled fields this can be recast as 3
exp[iΓ] =
∫ (Dzij)(Dz0i)(Dz00)(Dφ)(DV α)(DV¯ α) exp (i(S(0) + S(2)))
= exp
(
iS(0)
) Dghostαβ√
det(Dijvector) det(Gijkl)
,
(58)
where
S(0) =
∫
dDx
√−g
(1
κ
(R− (D − 2)Λ)− 1
2
(∂Φ)2 − V (Φ)
)
S(2) =
∫
dDxL(2) ,
(59)
and L(2) is given in (32) and (∂Φ)2 = −Φ′2. From Eq. (58) we obtain
Γ = S(0) +
i
2
Tr ln[Dijvector] +
i
2
Tr ln[Gijkl]− iTr ln[Dghostαβ ]
≡ S(0) + Γ1L ,
(60)
from which we find the expression equivalent to (48) to be
δΓ
δa
=
δS0
δa
+
δΓ1L
δa
= V aD−1
[
D(D−1)(D−2)
κ
(
H2 − 1
D−1Λ +
2
D
a−1H ′
)
+ (D−1)pM − ρM
]
+
δΓ1L
δa
,
(61)
3Our field redefinition (31) has a Jacobian equal to one. Furthermore, the rescaling by a2 of ψ with
respect to the ’true’ graviton will contribute to the effective action as a D-dimensional delta function δD(0).
Such a term does not contribute in dimensional regularization.
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where pM and ρM are the pressure and energy density associated to the background scalar
field matter, given by ρM =
1
2
Φ˙2 + V (Φ) and pM =
1
2
Φ˙2 − V (Φ).
The one loop contribution can be written analogously to (54) as
δΓ1L
δa
=
∫
dDx
(
i
2
[i∆
vector
j ](x; x)
δ
δa
Dijvector +
i
2
[ijMkl] δ
δa
Gijkl − i[α∆βghost](x; x)
δ
δa
Dghostαβ
)
.
(62)
The functional derivatives should naturally be taken on the off-shell kinetic operators. How-
ever, as soon as these derivatives are taken, we are simply left with an equation of motion.
It is therefore completely valid to impose the background equations of motion at that point.
Therefore the propagators in (62) can be evaluated on-shell and thus we can use the propa-
gators as they are calculated in the previous section.
Instead of using the kinetic operators as given in (33), we rescale all of our fields as
zµν → a1−D/2zˆµν ; φ→ a1−D/2φˆ , (63)
which is identical to the rescaling in Eq. (51). This rescaling changes the effective action
(58) by a D dimensional coincident delta function that does not contribute in dimensional
regularization. With the following identity
φ
√−gsφ = φˆ
[
ηαβ∂α∂β +
D − 2
2
(D
2
− ǫ
)
a2H2
]
φˆ (64)
we can easily calculate the kinetic operators of the rescaled fields. We will indicate these
rescaled kinetic operators with a hat. The associated propagators are also easily obtained:
∆(x; x˜) = (aa˜)1−D/2∆ˆ(x; x˜) . (65)
We now shall consider one functional derivative in detail. The others are calculated similarly.
We follow the same procedure as in the example considered at the start of this section. Our
calculation proceeds analogously as in Eq. (54). We once again insert the explicit arguments
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η = x0 and η˜ for the two coordinates respectively∫
dDx ij∆ˆkl(x; x)
δ
δa(η)
Dˆijkltensor(η˜)
=
∫
dDx ij∆ˆkl(x; x)
δ
δa(η)
(
ηαβ∂α∂β +
D − 2
2
(D
2
− ǫ(η˜))a(η˜)2H(η˜)2 − a(η˜)2W
)
×
(1
2
δikδjl − 1
4
δijδkl
)
=
∫
dDx ij∆ˆkl(x; x)
δ
δa(η)
(
ηαβ∂α∂β − D − 2
4
(
(3D − 16)(a(η˜)′
a(η˜)
)2
+ 6
a(η˜)′′
a(η˜)
)
+ (D − 2)Λa(η˜)2 − κ
(1
2
Φ′2 − a(η˜)2V (Φ)
))(1
2
δikδjl − 1
4
δijδkl
)
(66)
=
∫
dDx ij∆ˆkl(x; x)
(
− D − 2
4
(
2(3D − 16)( a′(η˜)
a(η˜)2
∂
∂η˜
− a
′(η˜)2
a(η˜)3
)
+ 6
( 1
a(η˜)
∂2
(∂η˜)2
− a(η˜)
′′
a(η˜)2
))
+ 2(D − 2)Λa(η˜) + 2κV (Φ)a(η˜)
)(1
2
δikδjl − 1
4
δijδkl
)
δ(η˜ − η)
=
∫
dDx δ(η˜ − η)
(
− 3(D − 2)
2
1
a(η˜)
∂2
(∂η˜)2
+
1
2
(D − 2)(3D − 10)
(
H
∂
∂η˜
+ (1− ǫ)H(η˜)2a(η˜)
)
+ 2(D − 2)Λa(η˜) + 2κV (Φ)a(η˜)
)(1
2
δikδjl − 1
4
δijδkl
)
ij∆ˆkl(x; x)
= V
(
− 3(D − 2)
2
1
a
∂2η +
1
2
(D − 2)(3D − 10)H∂η
+
1
2
(D − 2)2(7− 3ǫ)H2a
)(1
2
δikδjl − 1
4
δijδkl
)
ij∆ˆkl(x; x) .
In step three we integrated by parts and dropped the boundary terms because of the delta
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function. In step four we used the background equations of motion (20) for Φ. This is justi-
fied, since corrections to those equations will be of order one loop and the above expression
is already at order one loop. Therefore the error one is making is of two loop order.
The other functional derivatives we need are calculated similarly
1
V
∫
i∆ˆj,vector(x; x)
δ
δa
Dˆijvector =
(
D − 2
2
1
a
∂2η −
1
2
(D − 2)(3D − 2)H∂η
− 1
2
(D − 2)
(
(3D + 2)(1− ǫ) + 4(D − 2)
)
aH2
)
δiji∆ˆj,vector(x; x)
1
V
∫
Mˆ(1,1)(x; x) δ
δa
Dˆscalar = D − 2
2(D − 3)
(
D + 2
2
1
a
∂2η +
3
2
(D2 − 4)H∂η
+
1
2
(D − 2)
(
(7D + 2)− (3D + 10)ǫ
)
H2a
)
Mˆ(1,1)(x; x)
1
V
∫
Mˆ(2,2)(x; x) δ
δa
Dˆφ =
(
D − 2
2
1
a
∂2η −
1
2
(D − 2)2H∂η −
(1
2
(D − 2)2(1− ǫ)
+ 4(D − 1− ǫ)ǫ
)
aH2
)
Mˆ(2,2)(x; x)
(67)
1
V
∫
α∆ˆβghost
δ
δa
Dˆghostαβ =
(D − 2
2
1
a
∂2η −
1
2
(D − 2)2H∂η − 1
2
(D − 2)2(1− ǫ)H2a
)
ηαβ
α∆ˆβghost
+
(
(D − 2)1
a
∂2η + 4(D − 2)H∂η + 4(D − 2)(1− ǫ)H2a
)
δ0αηβ0
α∆ˆβghost
1
V
∫
Mˆ(1,2)(x; x) δ
δa
√
κ
( 2
D − 3Z − Φ
′′
)
=
√
2(D − 2)ǫ
D − 3
(
(D − 2)H∂η + (3D − 4−Dǫ)H2a
)
Mˆ(1,2)(x; x) .
Here we indicated with Mˆ(n,m)(x; x) the (n,m) component of the propagator matrix Mˆ
(44). The last thing we need before we can calculate the one loop contribution (62) are the
propagators at coincidence and their derivatives. Since all propagators are related to the
propagator ∆ˆn, we only need that one.
4.2.1 Infinite volume contribution
The propagators that we use are split in two parts (14): the infinite volume part and the
corrections due to the infrared cut-off.
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We first consider the infinite volume contribution (15). Taking the y → 0 limit of (15) and
dropping the D dependent powers of y that do not contribute in dimensional regularization
we obtain (we drop the subscript ∞)
i∆ˆn(x; x) = a
D−2i∆n(x; x) = |1− ǫ|D−2(aH)D−2
Γ(1− D
2
)
(4π)
D
2
Γ(D−1
2
+ νD,n)Γ(
D−1
2
− νD,n)
Γ(1
2
+ νD,n)Γ(
1
2
− νD, n)
∂
∂η
i∆ˆn(x; x) = Ha(D − 2)(1− ǫ)i∆ˆn(x; x)( ∂
∂η
)2
i∆ˆn(x; x) = H
2a2(D − 1)(D − 2)(1− ǫ)2 i∆ˆn(x; x).
(68)
We can now collect all the terms of (62). Using (39), (44), (66), (67) and (68) we obtain for
the vector and the ghost
1
V
∫
i
2
i∆ˆ
vector
j (x; x)
δ
δa
Dˆijvector =
1
4
(D − 1)(D − 2)
[
2(D − 1)(D + 2)
− (D2 +D + 2)ǫ− (D − 1)(D − 2)ǫ2
]
aH2i∆ˆ1(x; x)
1
V
∫
−iα∆ˆβghost(x; x)
δ
δa
Dˆghostαβ =H2a
1
2
(D − 1)2(D − 2)2ǫ(1− ǫ)i∆ˆ0(x; x)
− 1
2
(D − 1)(D − 2)(1− ǫ)
(
2(D + 2)− 3(D − 2)ǫ
)
aH2i∆ˆ1(x; x) .
(69)
The last term evaluates to
1
V
∫
i
2
ijMˆkl(x; x) δ
δa
Gˆijkl =
1
V
∫
i
2
ij∆˜kl(x; x)
δ
δa
Dˆijkltensor
+
1
2
λ2
(
cos(θ)2i∆ˆ0 + sin(θ)
2i∆ˆ2
) δ
δa
Dˆscalar
+ λ cos(θ) sin(θ)(i∆ˆ0 − i∆ˆ2) δ
δa
(√
κ
2
D − 3Z −
√
κΦ′′)
)
+
1
2
(
sin(θ)2i∆ˆ0 + cos(θ)
2i∆ˆ2
) δ
δa
Dˆφ .
(70)
The contribution from the tensor is
1
8
D(D − 1)(D − 2)2
[
(1 + 3D)− 3(D − 1)ǫ
]
ǫaH2i∆ˆ0(x; x) , (71)
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while the terms in (70) multiplying i∆ˆ0 contribute as
ǫ
4(D − 3 + ǫ)
[
− (D − 1)(D − 3)(D2 − 8D + 4) + [D(D − 2)(D2 − 11D + 14) + 8]ǫ
+ (D − 1)(D − 2)(D + 2)ǫ2
]
aH2i∆ˆ0(x; x). (72)
Finally the terms in (70) multiplying i∆ˆ2 contribute as
1
4(D − 3 + ǫ)
[
4(D − 1)(D − 2)(D − 3)(D + 3)−
(
5D4 − 20D3 − 9D2 + 68D − 36
)
ǫ
+
(
D4 − 5D3 − 4D2 + 24D − 32
)
ǫ2 +
(
D3 − 5D2 + 8D + 4
)
ǫ3
]
aH2i∆ˆ2(x; x) .
(73)
Putting (69–73) and (62) together and expanding the result around D = 4 we obtain the
following non renormalized one loop contributions to the Friedmann trace equation,
1
V aD−1H4
δΓ01L
δa
=
ǫ(63ǫ2 + 2ǫ− 105)
64π2(1 + ǫ)
(1− ǫ)2(4ν20 − 1)
(
2
D − 4 + γE + ln
((1− ǫ)2H2
4πµ2
)
+ ψ(
1
2
+ ν0) + ψ(
1
2
− ν0) + 44ν0ν
′
0 − 1
4ν20 − 1
)
+
ǫ
32π2(1 + ǫ)2
(1− ǫ)2(4ν20 − 1)
(
93ǫ3 + 90ǫ2 − 169ǫ− 122
)
1
V aD−1H4
δΓ11L
δa
=
3(9ǫ2 − 7ǫ− 6)
64π2
(1− ǫ)2(4ν21 − 1)
(
2
D − 4 + γE + ln
((1− ǫ)2H2
4πµ2
)
+ ψ(
1
2
+ ν1) + ψ(
1
2
− ν1) + 44ν1ν
′
1 − 1
4ν21 − 1
)
+
1
64π2
(1− ǫ)2(4ν21 − 1)
(
51ǫ2 − 17ǫ− 54
)
1
V aD−1H4
δΓ21L
δa
= −(5ǫ− 6)(ǫ
2 − 2ǫ− 7)
64π2(1 + ǫ)
(1− ǫ)2(4ν22 − 1)
(
2
D − 4 + γE + ln
((1− ǫ)2H2
4πµ2
)
+ ψ(
1
2
+ ν2) + ψ(
1
2
− ν2) + 44ν2ν
′
2 − 1
4ν22 − 1
)
+
1
64π2(1 + ǫ)2
(1− ǫ)2(4ν22 − 1)
(
3ǫ4 + 13ǫ3 − 83ǫ2 + 35ǫ+ 30
)
.
(74)
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Here νn indicates the index νn given in (37) with D = 4 and ν
′
n is
d
dD
νD,n
∣∣∣
D=4
. γE is the
Euler constant and we used the following expansions of the propagators (68)
aH2i∆ˆn(x; x) = a
D−1|1− ǫ|D−2HDΓ(1−
D
2
)
(4π)
D
2
((D − 3
2
)2
− ν2n
)
×
[
1 +
D − 4
2
(
ψ
(1
2
+ νn
)
+ ψ
(1
2
− νn
))]
(75)
|1− ǫ|D−2HDΓ(1−
D
2
)
(4π)
D
2
=
(1− ǫ)2H4
16π2
×
(
2µD−4
D − 4 + γE − 1 + ln
(H2
µ2
)
+ ln
((1− ǫ)2
4π
))
, (76)
plus terms that vanish in D = 4. Here ψ(z) = (d/dz) ln(Γ(z)) is the digamma function and µ
is an arbitrary renormalization scale introduced for later convenience. If we use the explicit
expression for νn, we can add all terms together and obtain for the functional derivative of
the effective action
1
V aD−1H4
δΓ1L
δa
=
1
V aD−1H4
δΓ01L
δa
+
1
V aD−1H4
δΓ11L
δa
+
1
V aD−1H4
δΓ21L
δa
= −
ǫ
(
186− 149ǫ− 11ǫ2 + 10ǫ3
)
8π2
µD−4
D − 4
− ǫ
16π2
[(
108 + 62ǫ− 153ǫ2 + 27ǫ3
)
+
(
186− 149ǫ− 11ǫ2 + 10ǫ3
)
×
(
γE + ln
((1− ǫ)2H2
4πµ2
))]
+
ǫ(63ǫ2 + 2ǫ− 105)
64π2(1 + ǫ)
(1− ǫ)2(4ν20 − 1)
(
ψ(
1
2
+ ν0) + ψ(
1
2
− ν0)
)
+
3(9ǫ2 − 7ǫ− 6)
64π2
(1− ǫ)2(4ν21 − 1)
(
ψ(
1
2
+ ν1) + ψ(
1
2
− ν1)
)
− (5ǫ− 6)(ǫ
2 − 2ǫ− 7)
64π2(1 + ǫ)
(1− ǫ)2(4ν22 − 1)
(
ψ(
1
2
+ ν2) + ψ(
1
2
− ν2)
)
.
(77)
We kept the digamma functions in terms of ν, since then it will be more clear how to add
the correction terms to regulate the infrared. In (77), all infrared power-law divergences
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are (incorrectly!) subtracted by the automatic subtraction of dimensional regularization.
The infrared logarithmic divergences are still there and they appear through the poles in
the digamma functions. These issues will be corrected by adding the correction terms, but
before adding the correction terms, we shall first renormalize the expression (77).
4.2.2 Renormalization
The contribution (77) contains a 1/(D−4) divergence and therefore needs to be renormalized.
If we take our approximation that ǫ = constant literally, the divergence is of the form constant
×H4aD−1. However in a more realistic treatment, ǫ is a dynamical parameter and our result
is expected to be correct up to zeroth order in ǫ˙. Such an approach, using a space-time
of locally constant ǫ is a generalization of the often considered locally de Sitter space-time
[49, 50]. In this more realistic case, the ǫ structure of the divergent term should be taken into
account and subtracted accordingly. Therefore if ǫ is varying slowly enough, such that (77)
remains approximately valid, we still need a counter lagrangian that produces the same ǫ
structure as the divergence in (77), in order for the theory to be renormalized at all times. For
this purpose many terms can be used, and indeed many terms are reported in the literature
[14, 9, 47]. However we cannot simply use these terms, since counterterms are dependent on
the gauge fixing used [48] and as far as we know, no general calculations have been done
using our gauge fixing (27). Calculations using (27) have been done however in the special
case of de Sitter space [28, 44], considering both scalar and graviton loops. From these
works and also e.g. from [13] it follows that the one loop contribution in this limit should
be finite. Since the de Sitter limit is ǫ → 0, this agrees with (77). To ensure that the one
loop contribution due to gravitons in the de Sitter case vanishes we need in that limit a
counterterm √−g
(
H2 − Λ
D − 1
)2
, (78)
which in our more general case becomes
LCT1 =
√−g a0
(
R− D
D − 2
(
κV (Φ) + (D − 2)Λ
))2
, (79)
where a0 is a constant. This follows from the fact that the cosmological constant can always
be seen as a part of the scalar potential and thus for an invariant counterterm they should
come together. Moreover from [44] it follows that we also need a counterterm of the form√−gˆH2κgˆµν(∂µφˆ)(∂νφˆ) to vanish. From Eq. (9) it follows that for our case this generalizes
to
LCT2 =
√−g a1(Rgµν −DRµν)κ(∂µΦ)(∂νΦ) , (80)
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with a1 a constant. Finally, also from [44] it follows that a counterterm
√−gκ(Φ)2 should
not appear.
Therefore a reasonable choice for the counter-lagrangian is
Lc =
√−g
[
a0
(
R− D
D − 2(κV + (D − 2)Λ)
)2
+ a1
(
Rgµν −DRµν
)
κ∂µΦ∂νΦ
+ a2
∂2V (Φ)
∂Φ2
R + a3κg
µν(∂µΦ)(∂νΦ)
∂2V (Φ)
∂Φ2
]
.
(81)
We stress that the counter-lagrangian (81) for the purpose of this calculation could be chosen
differently. There are many other terms with the correct dimensionality that could have been
used [47]. Since the divergence (77) gives only four constraints (one for each power of ǫ),
we at present can fix only 4 coefficients. This does not mean that the counter-lagrangian
is arbitrary. Different types of calculations could fix the counter-lagrangian uniquely, as
it is for example done in Ref. [9]. However apart from the two cases mentioned above,
we do not know of any calculation in our gauge, which we could use to further specify
our counter-lagrangian. Thus the ’true’ counter-lagrangian corresponding to the theory will
probably contain different counterterms than (81). However, these different counterterms
do not change the conclusions of this paper. The only effect would be that in Eq. (85) the
origin of the βi’s changes, but not the fact that they are essentially arbitrary. The terms in
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our counter-lagrangian (81) contribute as follows to the Friedmann trace equation
1
V
δ
δa
∫
dDx
√−g
(
R− D
D − 2(κV + (D − 2)Λ)
)2
= aD−1H4(D − 2)ǫ
(
8ǫ(2 + 3ǫ) +D2(4 + 9ǫ)− 2D(2 + 13ǫ+ 12ǫ2)
)
+O(ǫ′)
= aD−1H4
(
16ǫ(6 + 7ǫ− 9ǫ2) + 4ǫ(26 + 37ǫ− 30ǫ2)(D − 4) +O((D − 4)2, ǫ′)
)
1
V
δ
δa
∫
dDxκ
√−g(Rgµν −DRµν)(∂µΦ)(∂νΦ)
= 2aD−1H4(D − 1)(D − 2)2ǫ
(
(D − 1)(D − 6ǫ) + 6ǫ2
)
+O(ǫ′)
= aD−1H4
(
144ǫ(1− ǫ)(2− ǫ) + 24ǫ(23− 30ǫ+ 8ǫ2)(D − 4) +O((D − 4)2, ǫ′)
1
V
δ
δa
∫
dDx
√−g∂
2V (Φ)
∂Φ2
R
= aD−1H4(D−1)(D−1−ǫ)2ǫ
(
D(D−2)− 2(3D−4)ǫ+ 12ǫ2
)
+O(ǫ′)
= aD−1H4
(
24ǫ(3− ǫ)(2− 4ǫ+ 3ǫ2)
+ 4ǫ
(
51− 88ǫ+ 53ǫ2 − 6ǫ3)(D − 4))+O((D−4)2, ǫ′)
(82)
1
V
δ
δa
∫
dDxκ
√−ggµν(∂µΦ)(∂νΦ)∂
2V (Φ)
∂Φ2
= −4aD−1H4(D−2)2ǫ2(D−1−ǫ) +O(ǫ′)
= aD−1H4
(
− 16ǫ2(3−ǫ)− 16ǫ2(4−ǫ)(D−4)
)
+O
(
(D−4)2, ǫ′
)
,
(83)
where we used (9) and once again we used the background equations of motion (20) and (21).
We find that all divergencies cancel if
a0 =
37
960π2
µD−4
D−4 + a
f
0 ; a1 =
49
640π2
µD−4
D−4 + a
f
1
a2 = − 5
288π2
µD−4
D−4 + a
f
2 ; a3 = −
43
480π2
µD−4
D−4 + a
f
3 ,
(84)
where the afi (i = 0, 1, 2, 3) indicates a possible finite part. Adding the contribution from the
counterterms (82) to the one loop contribution (77), we obtain the following renormalized
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contribution
1
a3V
Γ1L,ren
δa
=
H4
16π2
[
β1ǫ+ β2ǫ
2 + β3ǫ
3 + β4ǫ
4
− ǫ
(
186− 149ǫ− 11ǫ2 + 10ǫ3
)(
ln
((1− ǫ)2H2
4πµ2
))
+
ǫ(63ǫ2 + 2ǫ− 105)
4(1 + ǫ)
(1− ǫ)2(4ν20 − 1)
(
ψ(
1
2
+ ν0) + ψ(
1
2
− ν0)
)
+
3(9ǫ2 − 7ǫ− 6)
4
(1− ǫ)2(4ν21 − 1)
(
ψ(
1
2
+ ν1) + ψ(
1
2
− ν1)
)
− (5ǫ− 6)(ǫ
2 − 2ǫ− 7)
4(1 + ǫ)
(1− ǫ)2(4ν22 − 1)
(
ψ(
1
2
+ ν2) + ψ(
1
2
− ν2)
)]
.
(85)
Here the parameters βi (i = 1, 2, 3, 4) are given in terms of the finite coefficients α
f
i ,
β1 = 16π
2 × 12
[
8af0 + 24a
f
1 + 12a
f
2
]
− 186γE + 1727
3
β2 = 16π
2 × 4
[
28af0 − 108af1 − 84af2 − 12af3
]
+ 149γE − 5969
9
β3 = 16π
2 × 4
[
− 36af0 + 36af1 + 78af2 + 4af3
]
+ 11γE +
10457
45
β4 = 16π
2
[
− 72af2
]
− 10γE − 61
3
.
(86)
All βi’s (i = 1, 2, 3, 4) in Eq. (85) are free parameters that remain undetermined until they
are fixed by experiment.
4.2.3 Correction terms
The effective action (85) is divergent for half integer values of the parameters νi ≥ 3/2 (notice
that the pole at νi = 1/2 is cancelled due to the pre-factor)
νi = 3/2 +N ; N = {0, 1, 2 . . .}. (87)
The reason is that the propagators used do not describe the infrared physics correctly and
we need to add the correction terms δi∆N and δi∆
N as given in (16). For concreteness we
shall consider the late time behavior in an accelerating space-time, since in that case we
expect the most significant backreaction. In an accelerating space-time, η goes to zero at
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late times, and thus we do not care about the δi∆N corrections, since they quickly become
insignificant in that case. Since the correction terms are ultraviolet finite, we can put D = 4
in all terms. Following the same procedure as in section 4.2.1, we find for the coincident
limit and its derivatives
δi∆ˆN,n(x; x) = AN,n(aH)
2z2N+3−2νn0
∂
∂η
δi∆ˆN,n(x; x) = −(1 + 2N − 2νn)(1− ǫ)(aH)δi∆ˆN,n(x; x)( ∂
∂η
)2
δi∆ˆN,n(x; x) = (1 + 2N − 2νn)(2N − 2νn)(1− ǫ)(aH)δi∆ˆN,n(x; x) ,
(88)
where νn is given in (37) and a subscript n implies that the quantity is evaluated with ν = νn.
We also defined
AN,n ≡ − 1
4π5/2
1
3 + 2N − 2νn
Γ(νn −N)Γ(2νn −N)
Γ(1
2
+ νn −N)Γ(N + 1)
(1− ǫ)2. (89)
We find for the corrections due to the vector and the ghost (67)
1
V
∫
i
2
(δi∆ˆ
vector
j )N(x; x)
δ
δa
Dˆijvector = 3
(
4 + 7(1− ǫ)
− 5(1− ǫ)(1 + 2N − 2ν1)− (1− ǫ)2(N − ν1)(1 + 2N − 2ν1)
)
aH2δi∆ˆN,1(x; x)
1
V
∫
− i(α∆ˆβghost)N(x; x)
δ
δa
Dˆghostαβ = 6(1− ǫ)(N − ν0)
×
(
(2ν0 − 2N)(1− ǫ) + ǫ− 3
)
aH2δi∆ˆN,0(x; x)
+ 6(1− ǫ)(N − ν1)
(
(2ν1 − 2N)(1− ǫ) + ǫ+ 1
)
aH2δi∆ˆN,1(x; x).
(90)
The tensor contribution to (70) is
− 6(3(ν0 −N)(1− ǫ) + 2)(2(ν0 −N)(1− ǫ)− 3)aH2δi∆ˆN,0(x; x) , (91)
while the terms in (70) multiplying δi∆ˆN,0 contribute as
1
1 + ǫ
(
− 4(3− ǫ)ǫ+ (1− ǫ)2(1 + 3ǫ)(2N2 + 2ν20)− (3 + ǫ)(1− ǫ)(1 − 3ǫ)
+N(1− ǫ)
(
3− 4ν0 − 8ǫ(1 + ν0)− 3ǫ2(1− 4ν0)
))
aH2δi∆ˆN,0(x; x).
(92)
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Finally the terms in (70) multiplying δi∆ˆN,2 contribute as
1
1 + ǫ
(
(1− ǫ)2(3 + ǫ)(2N2 + 2ν21) + 2(3 + 5ǫ(1− ǫ) + ǫ3)
+ (1− ǫ)(3 + ǫ)
(
(5 + ǫ)(1−N)− 4(1− ǫ)Nν1
))
aH2δi∆ˆN,2(x; x).
(93)
We add the corrections together to obtain the following three contributions
1
V aD−1H4
δΓ
(0)
N
δa
=
(
− ǫ(63ǫ
2 + 2ǫ− 105)
1 + ǫ
+
1− ǫ
1 + ǫ
(3 + 2N − 2ν0)
×
(
(ν0 −N)(1− ǫ)(23 + 21ǫ) + (4 + 3ǫ)(3− 7ǫ)
))δi∆N,0
H2
1
V aD−1H4
δΓ
(1)
N
δa
=
(
− 3(9ǫ2 + 7ǫ+ 6)
+ 9(1− ǫ)(3 + 2N − 2ν1)
(
(ν1 −N)(1 − ǫ)− ǫ
))δi∆N,1
H2
1
V aD−1H4
δΓ
(2)
N
δa
=
(
(5ǫ− 6)(ǫ2 − 2ǫ− 7)
1 + ǫ
− (1− ǫ)(3 + ǫ)
1 + ǫ
(3 + 2N − 2ν2)
(
(ν2 −N)(1 − ǫ) + 4− ǫ
))δi∆N,2
H2
,
(94)
where we have written δΓ
(n)
N for the contribution to δΓN that multiplies ∆N,n.
From these three contributions we see explicitly that indeed when ν = N + 3/2, the
corrections have the correct prefactor to add up correctly to cancel the divergence in the
digamma functions (85). Inserting (85) and (94) into (61) at D = 4 we obtain the final one
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loop corrected Friedmann trace equation
24
κ
(
(1− 1
2
ǫ)H2 − 1
3
Λ
)
+ 3pM − ρM + H
4
16π2
{
β1ǫ+ β2ǫ
2 + β3ǫ
3 + β4ǫ
4
− ǫ
(
186− 149ǫ− 11ǫ2 + 10ǫ3
)
ln
((1− ǫ)2H2
4πµ2
)
+
ǫ(63ǫ2 + 2ǫ− 105)
4(1 + ǫ)
(1− ǫ)2
×
(
(4ν20 − 1)
(
ψ(
1
2
+ ν0) + ψ(
1
2
− ν0)
)
−
∑
N
64π2
(H(1− ǫ))2 δi∆N,0
)
+
3(9ǫ2 − 7ǫ− 6)
4
(1− ǫ)2
×
(
(4ν21 − 1)
(
ψ(
1
2
+ ν1) + ψ(
1
2
− ν1)
)
−
∑
N
64π2
(H(1− ǫ))2 δi∆N,1
)
− (5ǫ− 6)(ǫ
2 − 2ǫ− 7)
4(1 + ǫ)
(1− ǫ)2
×
(
(4ν22 − 1)
(
ψ(
1
2
+ ν2) + ψ(
1
2
− ν2)
)
−
∑
N
64π2
(H(1− ǫ))2 δi∆N,2
)}
+
∑
N
(3 + 2N − 2ν0)
(
1− ǫ
1 + ǫ
(
(ν0 −N)(1− ǫ)(23 + 21ǫ) + (4 + 3ǫ)(3− 7ǫ)
))
H2δi∆N,0
+
∑
N
(3 + 2N − 2ν1)
(
9(1− ǫ)
(
(ν1 −N)(1 − ǫ)− ǫ
))
H2δi∆N,1
−
∑
N
(3 + 2N − 2ν2)
(
(1− ǫ)(3 + ǫ)
1 + ǫ
(
(ν2 −N)(1 − ǫ) + 4− ǫ
))
H2δi∆N,2 = 0 .
(95)
This equation is our final result of this section. It presents the one loop quantum corrected
Friedmann trace equation, in the presence of both graviton and scalar fluctuations.
4.3 Discussion
Having found the one loop corrected Friedmann trace equation, we can ask the question
whether the quantum effects calculated will have any significant effect. We immediately
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see from (95) that the quantum contribution is suppressed by a factor H2/m2p. Because of
this suppression, the one loop contribution can only become relevant for the dynamics of
the Universe if there is a significant enhancement. In other words: for any significant effect
the one loop correction terms should grow in time with respect to the classical tree level
terms. In an accelerating universe z0 goes to zero at late times. From (88) we see that the
corrections δi∆N,n are proportional to H
4z2N+3−2νn0 and thus this contribution might grow in
time with respect to the background (which scales as H2), making the initially tiny quantum
effects significant at late times. The question whether this growth is significant is equivalent
to the question whether the quantity
H2z3+2N−2ν0 (96)
grows in time. In an accelerating universe the fastest growing term has N = 0. Since
z0 = −kη this term grows with η as
∝ η 3−ǫ1−ǫ−2ν . (97)
Thus we see that for the three different νn’s contributing to (95) this becomes
∝ η 3−ǫ1−ǫ−2ν0 = η0
∝ η 3−ǫ1−ǫ−2ν1 = η2
∝ η 3−ǫ1−ǫ−2ν2 = η4.
(98)
These general expressions fail near the N = 0 pole of the digamma functions (meaning
νi = 3/2). Here one will typically pick up an additional logarithm, ln(z0) from the correction
terms. Thus we see that the ν0 contribution, in the presence of such an additional logarithm,
actually grows in time. However ν0 = 3/2 implies ǫ = 0 and we see from (95) that this
contribution is cancelled by the pre-factor. Thus none of the contributions actually grows in
time.
The fact that the pre-factor is such that near de Sitter space the logarithmic growth drops
out, is also in concordance with results obtained in [23]. This property however does not
have to stay true in general. For example if higher order loop corrections are taken into
account, this structure might change such that while the correction terms are extremely
small, their contribution grows in time, making them significant at late enough times. Also
when considering a different background geometry, one might get growing effects even at one
loop order. In [16, 17] for example one loop contributions have been considered in chaotic
inflationary models. Although those works found a secular growth, in [24] it was concluded
that this growth disappears if one considers truly gauge invariant quantities.
30
5 Conclusion
In this paper we have calculated the one loop contribution to the effective Friedmann equa-
tions due to graviton and matter quantum fluctuations. The background space-time we
use is FLRW with the additional constraint that ǫ is constant. In such a calculation many
delicate issues have to be taken into account. First of all there is mixing between the gravi-
tational and matter degrees of freedom. This mixing can (at least on-shell) be removed by
field redefinitions (31) and (40). Secondly, there is the issue of gauge freedom, which we can
deal with in the standard way by adding a gauge fixing term (27) and the associated Fadeev-
Popov ghost lagrangian (30). Finally, to calculate the one loop contribution, one needs to
know the propagators. The propagators needed will however typically be infrared divergent.
To regulate this infrared divergence we assumed that the spatial sections of the universe are
compact. This effectively implies that the propagators should be calculated using an infrared
cut-off k0. Using this approach the scalar propagator was constructed in [1]. In the present
work we have constructed the graviton and matter propagators by making use of the same
method. All these technical issues can thus be resolved, leading to our final answer for the
one loop Friedmann trace equation (95). Although the final answer might look intimidating,
we can essentially write it as two types of contributions. One is H4 times a constant and the
other is H4 times some power of z0 = |η|k0. Since the tree level contribution is of the order
of H2m2p, we see that – as expected – quantum corrections to the Friedmann equation are
suppressed as H2/m2p. There are thus only two possibilities for the quantum corrections to
have a significant effect. Either the coefficient in front of H4 is large, or any of the powers
of z0 grows fast enough to compensate the suppression after a sufficient amount of time.
Looking at equation (95) we see that for typical values of the parameters, the coefficient will
be of order one. One might think that the digamma functions might grow large. Indeed,
these functions have a simple pole when the argument is a negative integer. However, as is
shown in [1], these poles are due to a logarithmic infrared divergence. These poles should
therefore be subtracted by the correction terms, and in [1] it is shown that this indeed is
what happens. Thus the only possibility for a significant backreaction of quantum fluctua-
tions on the background space-time is if the correction terms grow fast enough in time. In
section 4.3 we showed however that this will not happen. The only possibility where the
powers of z0 grow fast enough is the special case of de Sitter (ǫ = 0). However in this case,
the growing power of z0 drops out due to the vanishing of its prefactor.
It is however not clear whether these conclusions will also hold in more general cases.
Generalizations could include for example studying a more general class of backgrounds,
using different regularization schemes for the infrared. For example in [45] a scheme using
mode matching is introduced. This scheme gives similar results for accelerating space-times
31
as the scheme used here, but the results differ for decelerating space-times. Another general-
ization would be to include two or higher loop contributions into account. Indeed studies in
de Sitter space show, for example, that at two loop order the backreaction due to gravitons
might indeed grow in time [6, 10, 8]. This paper should be seen as a first step in trying to
understand backreaction on a more general background space-time.
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